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Abstract 
A graph G is called uniquely Hamiltonian-connected from a vertex v if, for every vertex u # v, 
there is exactly one v - u Hamiltonian path in G. We show that if G is uniquely Hamiltonian- 
connected from v and H is a subgraph of G - v then IE(H)I ~<(31V(H)I - 2)/2. The bound on 
the number of edges is best possible in that here exists graphs H with exactly k(31V(H)1-2)/2J 
edges which are forbidden and others which can occur as subgraphs. @ 1998 Elsevier Science 
B.V. All rights reserved 
I. Introduction 
A graph G is said to be uniquely Hamiltonian-connectedfrom a vertex v (UHCv) 
if, for every vertex u # v, there is exactly one v -  u Hamiltonian path in G. In the 
first paper on graphs UHCv [2], the question ' I f  G is UHCv, are any graphs for- 
bidden as subgraphs of G - v'? was posed. This was answered in [3,4] by showing 
that Ka,K1 + P4 and K2,3 are forbidden subgraphs. It was shown in [7] that both 
K4 - e where e is any edge and Kl + 2K2 may appear as a subgraph of a graph 
UHCv, and three additional small graphs were listed as forbidden in [1]. More sig- 
nificantly, since it was shown in [4] that no vertex of  G - v has degree exceed- 
ing 4 in G, any subgraph of G - v with m vertices has at most 2m edges. Our 
main result gives an improved upper bound on the number of  edges in a subgraph 
of G - v: 
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Theorem. Let G be UHCv. I f  H is a subgraph of G - v with m vertices and k edges 
then k <~ (3m - 2)/2. 
The weaker inequality k <~3m/2 has a significantly simpler proof. The bound here is 
best possible in that there exists graphs with m vertices (m odd or even) and exactly 
[ (3m-  2)/2J edges which are forbidden and others which can occur as subgraphs. 
Since it is known that if G has p vertices then it has exactly (3p - 3)/2 edges [4], we 
see that locally G - v is no more dense than G itself. 
We begin with definitions and basic properties of graphs UHCv in Section 2. The 
main result is proved in Section 3. In Section 4, we exhibit 10 small graphs with m 
vertices and [(3m - 2)/2J edges which are forbidden, and the forbidden subgraphs of 
order 6 or less which are minimal in the sense that no proper subgraph is forbidden. 
An understanding of the minimal forbidden subgraphs eems particularly relevant in 
view of the following intriguing observations: 
1. No graph with m vertices and fewer than L(3m -2 ) /2 J  edges is known to be 
minimally forbidden. 
2. No bipartite graph with m vertices and [ (3m-  2)/2J edges is known to occur as a 
subgraph. 
2. Definitions and preliminary results 
We assume throughout this section that G is UHCv with IV(G)[ >15. 
Definition 2.1. For each vertex u of G - v, we denote the unique v - u Hamiltonian 
path by Hu and its edge set by Eu. We say a vertex w is penultimate to u, and 
write w=p(u) ,  i fw  is adjacent o u in Hu (that is, H~: v...wu). I fHx has the form 
Hx: v . . . zy . . .x  and zx is an edge then Hy has the form Hy: v. . . zx . . .y .  In this event, 
we say that Hx is a transform of/-/y. We also say that z generates the Hx -Hy  
transform and abbreviate this to z = G(x, y). Define the transform graph of G at v, 
denoted T(G, v) or T, to be the graph with vertex set {Hx: x E V(G - v)} in which 
HxHy is an edge iff Hx is a transform of Hy. 
We record here some facts about the structure of G and T proven in [2,4,7] and 
some associated terminology: 
Lerama 2.2 (Hendry [2,4] and Knickerbocker et al. [7]). 
(a) T is a forest with deg(v)/2 components. 
(b) For each vertex x ~v, degr(Hx)=degG(x ) - 1. 
(c) I f  x E N(v) then deg(x) = 3 and, if N(x) = {v, y,z}, then x y~ p(y), x ~ p(z) and 
x = G(y,z). 
(d) l f  x C V ( G-  v ) -  N ( v ) then deg(x) = 2, 3, or 4, x is penultimate in exactly 4-deg(x) 
Hamiltonian paths, and x generates the transform between exactly deg(x) - 2 
(pairwise disjoint) pairs of Hamiltonian paths. 
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(e) Each component of T includes exactly one edge HuHw with u, wEN(v); we call 
this edge the pivotal edge of this component. I f  a vertex Hx lies on the subpath 
of T from a pivotal edge to Hy, then we will write Hy <Hx. 
(f) There is a unique Hamiltonian cycle in G - v; we call this the little cycle. I f  
x E N(N(v)), then Hx includes all but one edge of the little cycle; such an Hx is 
called a representative of the little cycle. An edge ab in the little cycle is included 
in all representatives xcept possibly Ha or H6. 
(g) Each component of T includes a path of the form HxHy...HuHw...HzHt (with 
the possibility that Hy =Hu and Hw =Hz) where HuHw is the pivotal edge and 
Hx, Hy, Hz, Ht are representatives of the little cycle; this path is called the central 
path of the component. 
Definition 2.3. The cover, C(ab), of an edge ab of G - v is the induced subgraph of 
T with vertex set {Hx: ab E Ex}. An edge HxHy of T is called a border of C(ab) if 
ab E (Ex - Ey) U (Ey - Ex). 
As noted in [7], it is easily seen that a border of C(ab) must have the form HaHx 
or HbHy, and that C(ab) has at most two borders. In the case that C(ab) has exactly 
two borders, the borders may or may not lie on the same component of T. The next 
lemma simplifies the classification of edges and their covers. 
Lenuna 2.4. Suppose C(ab) has two borders which lie on distinct components C1, C2 
of T. Then C(ab) either includes the pivotal edges of both C1 and C2 or includes the 
pivotal edge of neither C1 nor C2. 
Proof. Suppose C(ab) contains the pivotal edge of C1. Since C1 contains only one 
border of C(ab), examination of the central path of C1 shows that C(ab) must include 
a representative of the little cycle. Then ab is an edge on the little cycle, and so C(ab) 
includes all little cycle representatives xcept possibly Ha and Hb (if either happens 
to be a little cycle representative). Since C(ab)M C2 is connected (only one border 
of C(ab) lies on C2) and includes at least three of the little cycle representatives, by 
Lemma 2.2(g) it must include the pivotal edge of C2. [] 
Definition 2.5. The edges of G - v are partitioned into four categories as follows: an 
edge ab of G - v is called: 
(1) a forced edge if C(ab) has no borders, 
(2) an ultimate edge if C(ab) has exactly one border, 
(3) a stick if C(ab) has two borders and includes the pivotal edge(s) of the compo- 
nent(s) containing Ha and lib, and 
(4) an arrow if C(ab) has two borders and does not include the pivotal edge(s) of 
the component(s) containing Ha and Hb. 
The sets of all forced edges, ultimate edges, sticks, and arrows are denoted by 
F, Z, S, and .4, respectively. 
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The definition above subsumes the simpler definition for the special case that 
deg(v)---2 given in [7]. The proofs from [7] apply equally well in the general case to 
establish the following facts. 
Lemma 2.6 (Knickerbocker [7]). (a) An edge abEF iff a= p(b) and b= p(a). 
(b) An edge abEZ iff a = p(b) and b ~ p(a) or vice versa. 
(c) l f  Hy<Hx then Ex -EyC_SUZ and Ey -ExC_A. 
Convention 2.7. Using constructions given in [2], we may construct new UHCv graphs 
from old ones which move a given subgraph farther and farther away from the distin- 
guished vertex v. Thus, although it is obvious in Lemma 2.2 that the behavior in the 
locality of N(v) differs from that elsewhere, we may assume below that our subgraph 
is as far as we like from N(v). 
3. The main result 
Notation 3.1. Let G be UHCv and let H be a subgraph of G - v. Denote by T(H) the 
induced subgraph of T with vertex set {Hx: x E V(H)}. Let L denote the set of edges 
connecting G-  V(H) with H. We partition Z fqL into two sets as follows: 
and 
Zi, = {xy E Z M L: x = p(y) and x ~ V(H)} 
Zout -- {xy E Z M L: x = p(y) and x E V(H)}. 
Let C be a component of T(H). By (2.2a), there is a unique edge HxHy of T such 
that x E V(H), Hy E V(C) and Hy <Hx. We will call HxHy the access to C. 
Lemma 3.2 (The access lemma). Let G be UHCv and let H be a subgraph of G-  v. 
Suppose that T(H) has q components. Then at least q distinct edges of L belong to 
A U S U Zout. 
Proof. Let C be a component of T(H) and let HxHy be the access to C where 
x ~ V(H), Hy E V(C) and Hy <Hx. Let z = G(x, y). So we have 
Hx: v . . .zy . . .x  > Hy: v.. .zx.. .y.  
By (2.6c), zyESUZ and zxEA. In fact, if zq~ V(H) then, since clearly zCp(y) ,  
zy EL fq (S OZout) and, if z E V(H) then zx EL NA. Therefore, with the access to each 
component of T(H), there is associated an edge of L A (A U S U Zout). To complete the 
proof, we need only show that no such edge of L is associated with the access to two 
different components of T(H). 
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This is clearly so if z ¢ V(H). So suppose that z • V(H) and that zx is associated 
with the access Hx,Hy, to another component C' of T(H), where x' q~ V(H), t ty,• V(C) 
and Hy, < Hx,. Since zx • A, we have either 
or  
z=x '  and Hz: v. . .xy ' . . .  >Hy,: V.. .xz.. .  y' 
x=x '  and Hx: v. . .zy' . . .x>Hy,:  V.. .zx.. .  y'. 
We have a contradiction in the first case because z =x', z C V(H) and x'£  V(H). 
In the second case we have Hx: v . . . zy . . . x  and Hx: v . . .zy ' . . .x ,  which implies that 
y = y'  and contradicts the assumption that Hy and Hy, belong to different components 
of T(H). [] 
Theorem 3.3. Let G be UHCv. I f  H is a subgraph of G - v with rn vertices and k 
edges, then k <<.(3m - 2)/2. 
Proo£ It suffices to show that the theorem holds for induced subgraphs with no vertices 
of degree 0 or 1. Thus, let H be such a subgraph of G - v with m vertices and k 
edges. Let L={xiYi: l<~i<~s} be the set of edges connecting G-  V(H) with H, 
where xi E G - V(H) and yi c V(H). We consider the numbers mH and mr-V(H) of 
vertices y of H for which p(y) is in H and in G-  V(H), respectively. We have, 
by (2.2d), 
mH ~ Z (4 -dega(Y) )= Z (4 -degH(Y) ) - s=4m-2k-s  (1) 
ye V(H) yC V(H) 
and trivially, 
mC-V(H) <~S. (2) 
Since m =mH + mG-V(H), it follows from (1) and (2) that k<.3m/2. 
Suppose that k = 3m/2 or (3m - 1 )/2. Then equality holds in at least one of (1) and 
(2) and fails to hold by at most one in the other. There are three possibilities: 
(A) k = 3m/2,mH =4m -- 2k - s and mG-V(H) =s, 
(B) k=(3m-  1) /2 ,mH=4m--2k -s -  1 and ma_V(H)=S, 
(C) k=(3m-  1) /2 ,mH=4m--2k -s  and mG-VCH)=S-- 1. 
In (A), xi=p(y i )  and y i#p(x i )  for l<~i<<.s. In (B), xi=p(y i )  for l<<.i<.s, and, 
for exactly one value of i, y i= p(xi). In (C), Yi¢ p(xi), for 1 <<.i<<.s, and, for all but 
one value of i, xi = P(yi). We deduce from (2.6a) and (2.6b) that all edges of L belong 
to Zin, except in case (B) where L N F = 1 and in case (C) where L N (A US)= 1. It 
follows immediately from Lemma 3.2 that only case (C) can occur and, in this case, 
that T(H) is a tree. So let HxIty be the access to T(H), where x ~ V(H), y E V(H) 
and Hy<Hx, and let z=G(x, y). We have 
Hx: v . . . zy . . . x>H/  v. . .zx. . ,  y. 
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Fig. 1. Examples showing that he bound in Theorem 3.2 is sharp. 
I f zE  V(H) then zxEA and so x#p(z )  and zxf[Ez. However, since T(H) is a tree 
and HxI-Iy is the access to T(H) and zE V(H), we have Hz<Hy. But now zxEEy -Ez 
and, by (2.6c), Ey-  Ez C_SUZ, which is a contradiction. We may therefore assume 
that z q~ V(H). Since case (C) occurs, zy E S. Therefore, for some vertex t, we have 
Ht: v... yz.. .t>Hz: v... yt...z. 
So ytEA. Since L -  {zy} CZin, it follows that tE V(H) and so, again since HxHy is 
the access to the tree T(H), Ht <Hy. But now zy EEt-Ey and, by (2.6c), Et-Ey CA, 
which is also a contradiction. 
Since we have shown that the assumption that k = 3m/2 or (3m-  1)/2 leads to a 
contradiction, we deduce that k<~(3m- 2)/2 which completes the proof. [] 
The bound given in Theorem 3.3 is best possible. Four graphs are exhibited in Fig. 1. 
Graphs G1 and G2 both have six vertices and eight edges and graphs G3 and G4 both 
have five vertices and six edges. Yet G1 and G3 are shown to be forbidden i Section 4 
and [3] and G2 and G4 occur as subgraphs of the graphs UHCv of Fig. 2(a) and (b), 
respectively. 
Corollary 3.4. I f  G is UHCv then G contains no cubic sub#raph. 
One might ultimately hope for a characterization f forbidden subgraphs which would 
identify a fairly simple family ~- of graphs such that an arbitrary graph is forbidden 
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Fig. 2. Examples of graphs UHCv. 
i f  and only i f  it includes some member of ~ as a subgraph. Corollary 3.4 shows that 
no such family can be finite. 
Corollary 3.5. Let G be UHCv and let H be a subgraph of G - v. Define m i = 
the number of vertices in H of degree i in H, for 0~<i~<4. Then mo + ml + m2>~ 
2+m4.  
Proof. This is purely a counting argument for which the only facts about H used 
are the conclusion of Theorem 3.3 and that all degrees are ~<4. It suffices to prove 
the result for connected subgraphs, and we assume that H is connected and has at 
least two vertices. We use induction on ml. If  ml = 0 then m = m2 + m3 q- m4 and the 
conclusion follows from Theorem 3.3. Now, assume that the result holds for any graph 
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Fig. 3. Small forbidden subgraphs. 
with less than ml vertices of degree 1, and let H have ml >0 vertices of degree 1. 
Let x~ be a vertex of degree 1 in H. I f  H is a path, then we are done. I f  not, let 
x~x2 . . . x ,  be a path in H with degu(x , )>2 and degu(xi) = 2, for i=2  . . . . .  n - 1, and 
n~>2. Define H'  =H - {xl,x2 . . . . .  x~_]}, and let m], = the number of vertices in H '  
of  degree i in H' .  By the induction hypothesis, m~ + m~ i> 2 + m~. I f  degz(x , )= 3, then 
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Fig. 4. The only indeterminate graph A and the 8 minimal forbidden subgraphs oforder 6 or less. 
ml +mz =(m]  + 1)+(m~-  l+n-2) - - - -m 1' +m~z+n-2>~m~ +m~z~>2+m~ =2+m4.  If  
degn(xn)=4,  then ml +m2 = (roll + 1)+(m~z+n-2)>~mr 1 +m~2 + 1 ~>2+m~ + 1 =2+ 
(m4 - 1 )-k- 1 = 2 + m4, and we are done. [] 
4. Specific forbidden subgraphs 
The 10 graphs shown in Fig. 3 with m vertices (5~<m~<9) and exactly L(3m-2)/2J  
edges are all forbidden. The proofs are ad hoc and rely heavily on a collection of 
auxiliary lemmas. We refer the interested reader to [5] for the proofs. 
In view of Theorem 3.3 and the examples of graphs UHCv given in Fig. 2 and [2], 
we have now determined the status of  all but one graph of order 6 or less as forbidden 
or allowable as a subgraph. This undetermined graph A is shown in Fig. 4 along with 
the eight forbidden subgraphs of  order 6 or less which are minimal in the sense that 
no proper subgraph is forbidden. 
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